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Outline aka Bisecting the Paper Title
(1) Non-linear Programming
(2) for the Network Calculus 
(3) Analysis of 
(4) FIFO 
(5) Feedforward Networks

becomes 

I. (2 & 3) Deterministic Network Calculus (DNC)
II. (3 & 1) the DNC extension “DiffNC”
III. (4) Challenge: FIFO Multiplexing and Queueing
IV. (3 & 4) Applying Gradient-based Non-linear Programming
V. (5) Evaluation
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DNC Motivation and Basics
• Theory of deterministic queueing systems [Cruz91]

• Metric: end-to-end communication delay of a data crossing a network
• DNC: a worst-case bound on the end-to-end delay of a specific data flow

I. Deterministic Network Calculus (DNC)3 
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DNC Modeling: Bounding Curves in Interval Time

I. Deterministic Network Calculus (DNC)4 

A D ↵
�

• Arrival Curve      (derived from traffic regulation)

• Service Surve      (derived from scheduler)
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System: Model:

Interval

<latexit sha1_base64="FOgmYXgteIBU5wG47P9woY6kd1s="></latexit>

→t : A→(t) ↑ inf
0↑d↑t

{A(t↓ d) + ω(d)}
<latexit sha1_base64="FKO/SjI9OkuZc568vRDfcsroT2g=">AAAB73icbVDLSgNBEJz1GeMr6tHLYBDiZdkViR4DXjxGMA9IljA725sMmX040yuEJT/hxYMiXv0db/6Nk2QPmljQUFR1093lp1JodJxva219Y3Nru7RT3t3bPzisHB23dZIpDi2eyER1faZBihhaKFBCN1XAIl9Cxx/fzvzOEygtkvgBJyl4ERvGIhScoZG6fR+Q1YKLQaXq2M4cdJW4BamSAs1B5asfJDyLIEYumdY910nRy5lCwSVMy/1MQ8r4mA2hZ2jMItBePr93Ss+NEtAwUaZipHP190TOIq0nkW86I4YjvezNxP+8XobhjZeLOM0QYr5YFGaSYkJnz9NAKOAoJ4YwroS5lfIRU4yjiahsQnCXX14l7Uvbrdv1+6tqwy7iKJFTckZqxCXXpEHuSJO0CCeSPJNX8mY9Wi/Wu/WxaF2zipkT8gfW5w9JPI9u</latexit>

ω(d)

<latexit sha1_base64="MId/acGTB/08c9GXsTWOoFSjNoU=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSLUS0hEqseCF48V7Ie0oWw2m3bp7ibsboQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8MOVMG8/7dtbWNza3tks75d29/YPDytFxWyeZIrRFEp6obog15UzSlmGG026qKBYhp51wfDvzO09UaZbIBzNJaSDwULKYEWys9NjHPB3hWnQxqFQ915sDrRK/IFUo0BxUvvpRQjJBpSEca93zvdQEOVaGEU6n5X6maYrJGA9pz1KJBdVBPj94is6tEqE4UbakQXP190SOhdYTEdpOgc1IL3sz8T+vl5n4JsiZTDNDJVksijOOTIJm36OIKUoMn1iCiWL2VkRGWGFibEZlG4K//PIqaV+6ft2t319VG24RRwlO4Qxq4MM1NOAOmtACAgKe4RXeHOW8OO/Ox6J1zSlmTuAPnM8fEiuP4g==</latexit>

ω(d)
<latexit sha1_base64="13L668fGawX5M0lwWF9c2L9zg60=">AAACG3icbVDLSgNBEJz1bXxFPXoZDEICcdkNEsWT4sWjgomBbAi9s7NmcPbhTK8QQv7Di7/ixYMingQP/o2TuAdNLJimqOpmustPpdDoOF/WzOzc/MLi0nJhZXVtfaO4udXUSaYYb7BEJqrlg+ZSxLyBAiVvpYpD5Et+7d+ejfzre660SOIr7Ke8E8FNLELBAI3ULda8MFEgpVd1PMnvaGAqRa967FVPy1jZN2U/qIwsD2Tag3JQ6RZLju2MQaeJm5MSyXHRLX54QcKyiMfIJGjddp0UOwNQKJjkw4KXaZ4Cu4Ub3jY0hojrzmB825DuGSWgZknzYqRj9ffEACKt+5FvOiPAnp70RuJ/XjvD8KgzEHGaIY/Zz0dhJikmdBQUDYTiDGXfEGBKmF0p64EChibOggnBnTx5mjRrtlu365cHpRM7j2OJ7JBdUiYuOSQn5JxckAZh5IE8kRfyaj1az9ab9f7TOmPlM9vkD6zPb/2PntY=</latexit>

→ 0 ↑ d ↑ t : A(t)↓A(t↓ d) ↑ ω(d)



im Menü über: 
Start > Absatz > 

Listenebene 

DNC Analysis: A (min,plus)-algebraic Term 
• (min,plus) Operations (complexity depends on curve shapes)

• Concatenation of servers
• Output bound
• Delay bound
• Left-over service

• Example: end-to-end delay bound for data of the flow of interest (foi) 
  crossing 3 servers

I. Deterministic Network Calculus (DNC)5 
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DNC Intro Wrap-Up
• The Good

• a quite powerful methodolody for worst-case modeling and analysis
• has found application in the industry (certification of Airbus AFDX network)

• The Bad

• analysis of non-feedforward networks is not yet as advanced (not part of this paper)

• The „Ugly“

• DNC is a tool for analysis, not for synthesis,
i.e., you need a fully specified model, you cannot optimize for open parameters,
you can only sample your network design space

I. Deterministic Network Calculus (DNC)6 
Non-linear Programming for the Network Calculus Analysis of FIFO Feedforward Networks
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DiffNC [Geyer22]: DNC-based Parameter Synthesis 
• Idea

• derive your DNC term
• leave some parameters open and/or add binary ones for design alternatives
• differentiate w.r.t. these parameters
• let a solver do the heavy lifting, which turned out to be quite efficient

II. the DNC extension “DiffNC”7 
Non-linear Programming for the Network Calculus Analysis of FIFO Feedforward Networks
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This example actually assumed strict priority between flows:
foi < f1 < f3 < f2

This Paper: Use the DiffNC Idea Differently

8 III. Challenge: FIFO Multiplexing and Queueing
Non-linear Programming for the Network Calculus Analysis of FIFO Feedforward Networks
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This Paper: Use the DiffNC Idea Differently

9 III. Challenge: FIFO Multiplexing and Queueing
Non-linear Programming for the Network Calculus Analysis of FIFO Feedforward Networks

<latexit sha1_base64="EvAphgGWA+OVzAxnakK6UnEHcnU="></latexit>

hdev(ωfoi, (ε1 →ω1 ω1)↑ ((ε2 ↑ (ε3 →ω2 ω2))→ω3 ω3))

This example in a FIFO system:
Analysis called LUDB (Least Upper Delay Bound) [Bisti08] 

The term “hides” a complex dependency structure,
finding optimal theta values is hard …
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Related Work: Original LUDB

10 III. Challenge: FIFO Multiplexing and Queueing
Non-linear Programming for the Network Calculus Analysis of FIFO Feedforward Networks

Idea: convert into a linear problem and let a solver do the heavy lifting [Bisti08]

Insight: does not scale, the solver is the bottleneck [Scheffler21]
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Related Work: Use a Search Algorithm

11 III. Challenge: FIFO Multiplexing and Queueing
Non-linear Programming for the Network Calculus Analysis of FIFO Feedforward Networks

Idea: assume the problem is convex and use a gradient descent algorithm 
with some termination criterion [Scheffler22]
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Problem: termination criterion must be pre-defined (here: smallest step size in search)
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Related Work Summary / Paper Motivation
• Can we close the gap to LUDB even further?

And maybe even do so at less cost?

III. Challenge: FIFO Multiplexing and Queueing12 
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Applying Gradient-based Non-linear Programming

13 IV. Applying Gradient-based Non-linear Programming
Non-linear Programming for the Network Calculus Analysis of FIFO Feedforward Networks

This paper: Apply the DiffNC idea to the DNC FIFO Analysis (LUDB)

Challenges:

• There is no solver that can use DNC (min,plus)-algebraic terms as objective function

• There is no automatic differentiation software that can use such a term either

Solution: 

• Implement all required tools ourselves

• Convert the (min,plus)-algebraic term into a regular (plus,time)-algebraic one

<latexit sha1_base64="EvAphgGWA+OVzAxnakK6UnEHcnU="></latexit>

hdev(ωfoi, (ε1 →ω1 ω1)↑ ((ε2 ↑ (ε3 →ω2 ω2))→ω3 ω3))
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Applying Gradient-based Non-linear Programming

14 IV. Applying Gradient-based Non-linear Programming
Non-linear Programming for the Network Calculus Analysis of FIFO Feedforward Networks

Using the simple curve shapes (an LUDB restriction, too),

the operations become:



im Menü über: 
Start > Absatz > 

Listenebene 

Applying Gradient-based Non-linear Programming

15 IV. Applying Gradient-based Non-linear Programming
Non-linear Programming for the Network Calculus Analysis of FIFO Feedforward Networks

However …

… the FIFO left-over service curve operation is 
not closed in the simple curve shapes L. It becomes this:

(all further details are in the paper)
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Evaluation
• Networks to be analyzed: (taken from [Scheffler22], see [Scheffler22dataset])

• 31 random feedforward networks following Erdös-Rényi model with a total of 4479 
flows

• Arrival curves set to token bucket  
• Service curve set to rate latency           with           and    set to achieve a desired 

utilization of the server between 50% and 99%
• Evalutation machine: (same as in [Scheffler22])

• LenovoThinkStation P620, AMD Ryzen Threadripper PRO 3955WX
• Ubuntu22.04.1 LTS, OpenJDK17

• Two main proposals for NLP algorithms
• SminS (minimum of NLP algorithms SLSQP and Subplex‘s overall results)
• SminSFF-integrated (as before, yet already for all intermediate results in a DNC analysis)

V. Evaluation16 
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Evaluation: Delay Bounds (Metric: deviation from LUDB [Bisti08])

SFA−FIFO
LB−FF

PRAXIS
TNEWTON

LBFGS
MMA

NELDERMEAD
VAR1

COBYLA
BOBYQA

NEWUOABOUND

DS−FF10−3

DS−FF10−9

SLSQP
SBPLX
SminS

SminSFF−integrated

Average deviation to LUDB−FF bounds [%]                 

0 3 6 9 13 17 21 25 29 33 37

36.28
7.77

5.95
2.33

1.59
1.51
1.49
1.45
1.11
0.77
0.7
0.67
0.47
0.45
0.44
0.18
0.15

V. Evaluation17 
Non-linear Programming for the Network Calculus Analysis of FIFO Feedforward Networks
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• (Gradient-based) NLP optimization can be applied to aid the LUDB analysis

• even though convexity of the problem was not (yet) proven
• Which may be irrelevant as the Subplex algorithm is gradient-free anyways

• Choosing the right algorithms computes more accurate results in shorter times

• Linear programming and search-based algorithms are outperformed

Future Work

• Proof convexity of the problem

• Use our new tool chain for synthesis of networks configurations
Code is open-source, available at [Herll25dataset]
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